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Abstract
The AGT conjecture identifying conformal blocks with the Nekrasov functions is investigated for the spherical
conformal blocks with more than 4 external legs. The diagram technique which arises in conformal block calculation
involves propagators and vertices. We evaluated vertices with two Virasoro algebra descendants and explicitly
checked the AGT relation up to the third order of the expansion for the 5−point and 6−point conformal blocks on
sphere confirming all the predictions of arXiv:0906.3219 relevant in this situation. We propose that U(1)−factor
can be extracted from the matrix elements of the free field vertex operators. We studied the n−point case, and
found out that our results confirm the AGT conjecture up to the third order expansions.
Contents
1 Introduction 2
2 Nekrasov partition functions 2
3 CFT input 4
3.1 Diagram technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
3.1.1 Propagator: the inverse Shapovalov matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.1.2 Triple vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.2 Conformal blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2.1 The four-point conformal block . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3.2.2 The five-point conformal block . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2.3 The six-point conformal block . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3.2.4 The n-point conformal block . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.3 Explicit patch of the moduli space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
4 U(1)-factor from the free fields conformal block 8
5 Relations between 2d conformal blocks and 4d Nekrasov partition functions 9
5.1 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
5.2 The four-point case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
5.3 The five-point case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5.4 The six-point case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.5 The n−point case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
6 Conclusion 15
A List of vertices 16
B Explicit evaluation 17
B.1 The four-point conformal block and U(2)-quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
B.2 The five-point conformal block and U(2)⊗ U(2)-quiver . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
B.3 The six-point conformal block and U(2)⊗ U(2)⊗ U(2)-quiver . . . . . . . . . . . . . . . . . . . . . . . 19
7V.Alba e-mail: alba@itp.ac.ru, alba@itep.ru, And.Morozov e-mail: andrey.morozov@itep.ru
1
1 Introduction
Recently Alday, Gaiotto and Tachikawa (AGT) proposed a conjecture [1] which implies that some Liouville correlation
functions are equal to an integral of the squared absolute value of the Nekrasov full partition functions. In particular,
this conjecture implies that conformal blocks [2, 3, 4, 5] are equal to the instanton Nekrasov partition functions
[6, 7, 8, 9, 10]. These functions are defined only in patches of the moduli space of the SW vacua [11, 12]. Actually
the AGT conjecture in its present form involves only comb-type conformal blocks with a peculiar choice of points on
the Riemann sphere. There is a vast literature devoted to checks and various discussions of the AGT relation [1]. In
particular, the conjecture was explicitly checked for the several first terms of the expansion of the 4−point conformal
block on sphere [1, 13], of the 1−point conformal block on torus [1, 14, 15] and it was discovered in various particular
cases [16] - [47]. It was proven in special cases [48, 49]. Following [1] we check this conjecture for the 5−point and
6−point conformal blocks, calculating the conformal blocks and Nekrasov partition functions order by order.
Evaluating the instanton partition functions in N = 2 SYM by direct integration over the instanton moduli
space was quite a hard problem and remained unsolved for a long time. Though the ADHM construction explicitly
determines the moduli space, there was a problem of regularization of integrals over this space. The problem was fixed
using the Ω-background method. However, after regularization the instanton partition functions become dependent
on the regularization parameters ǫ1 and ǫ2. These partition functions are called Nekrasov partition functions.
There is a useful diagram technique [57, 58, 59] to calculate the conformal blocks. This technique contains two
elements: the propagator Dα which is inverse of the Shapovalov matrix (i.e. the propagator is the inverse matrix of
the scalar product between fields from the same level in the Verma module) and the vertex γδαβ which is the coefficient
in the operator product expansion of two fields into the third one. We study some properties of these vertices and
calculate some of them.
The conformal block is represented as a series in projective invariants xi and is a function of conformal dimensions
∆ = α(Q − α) and of the central charge c = 1 + 6Q2. On the other hand, the instanton partition function is a series
in qi (exponents of complex coupling τ) and is a function of Higgs’ v.e.v. ai, fundamental masses µi, bifundamental
masses mi and deformation parameters ǫ1, ǫ2. These two functions depend on different parameters. Hence, there
should be relations between these parameters.
We checked explicitly coincidence between the conformal block and the instanton partition function in the case of
the 5-point and the 6-point conformal blocks on sphere. These calculations allow us to deduce the explicit formulae
for the relations between αi and µi,mi, νi. These formulae coincide with predictions of [1]. Our consideration allows
us to obtain the necessary relations in the case of n−point conformal block on the sphere. Due to the fact that the
formulae for the conformal block and for the Nekrasov partition function are factorized, the first three orders always
reduce to the 4−, 5−, 6−point cases.
As soon as we associate the Virasoro conformal block with the partition function for the U(2)-quiver theories,
the Nekrasov partition functions for the SU(2)-quiver theories should be multiplied by a U(1)−factor. The explicit
expression for this factor can be extracted from the matrix elements of the free field vertex operators [5, 60]. For the
free field case, the conformal block is equal to pure U(1)−factor.
2 Nekrasov partition functions
Neglecting higher derivatives one can write the low energy effective action for N = 2 SYM with the aid of the so-called
prepotential F . The prepotential consists of the three parts: classical, perturbative and non-perturbative (instantonic
part). The explicit answers for classic and perturbation part [61] were calculated a long time ago and the exact answer
for the instanton part was proposed by N. Seiberg and E. Witten(SW) [11, 12] with the help of duality arguments,
also see [62]-[69]. A.Losev, G.Moore, N.Nekrasov and S.Shatashvili presented a two-parameter deformation of the SW
prepotential [70, 71, 72, 73] in the form of LMNS integrals [52]-[55]. These integrals were calculated by Nekrasov [6]
and are called Nekrasov partition functions. The SW prepotential is a limit of the free energy which corresponds to
the Nekrasov partition function
F = lim
ǫ1−→0
ǫ2−→0
ǫ1ǫ2 lnZfull. (2.1)
The full partition function is factorized
Zfull(ǫ1, ǫ2) = ZclassicZpertZinst(ǫ1, ǫ2). (2.2)
Nekrasov partition functions Zfull [6] was evaluated by F.Fucito, J.Morales, R.Poghossian [74] for quiver theories
corresponding to the orbifold projections of the N = 4 theories. The AGT conjecture implies relations between the
comb-type conformal blocks and the partition function for the linear quiver theory. For a linear quiver with the
n⊗
i=1
U(2) gauge groups, the partition function (Fig.1) is
2
Zfund, µ2
Zvector Zvector
~a1, ~Y1 ~an, ~Yn
Zfund, µ4
Zfund, µ1 Zbifund,mn−1Zbifund,m1 Zfund, µ3
Figure 1: This diagram defines the instanton partition function for the
n⊗
i=1
U(2) linear quiver theory. There is simple
correspondence between the quiver theories and the diagrams.
Zinst =
∑
~Y1,~Y2,...,~Yn
(
n∏
i=1
q
|~Yi|
i Zvector(~ai,
~Yi)
)
Zfund(~a1, ~Y1, µ1)Zfund(~a1, ~Y1, µ2)×
×
(
n−1∏
i=1
Zbifund(~ai, ~Yi;~ai+1, ~Yi+1;mi)
)
Zfund(~an, ~Yn, µ3)Zfund(~an, ~Yn, µ4), (2.3)
where ~ai = (ai,1, ai,2) is the diagonal of the adjoint scalar, ~Yi = (Yi1, Yi2) is the pair of the Ferrer-Young diagrams
(Fig.2) specifying the fixed instanton and
qi = e
2πiτi , τi =
4πi
g2i
+
θi
2π
. (2.4)
✲
❄
j
i
✻
❄
✛ ✲
kTj
ki
Figure 2: Ferrer-Young diagram
[14, 12, 9, 8, 8, 7, 6, 2, 2, 1], hhere
s = (i, j) is a multiindex (coor-
dinate on Ferrer-Young diagram)
and kTj (Y ), ki(Y ) are the height
of column and length of row
in Ferrer-Young diagram corre-
spondingly (i = 3, j = 7 in the
picture).
mi is the mass of the bifundamental hypermultiplet charged under SU(2)i and
SU(2)i+1. µ1,2,3,4 are the masses of the fundamentals, gi is the coupling con-
stant for i−th U(2) group. Since the instanton partition function is factorized
one can naturally associate it with the figure. One can write the partition func-
tion for a theory, if an external leg is connected with another external leg and
with an internal one, then we associate this leg with Zfund(~a, ~Y , µ). If the ex-
ternal leg is connected with two internal legs then we associate this leg with
Zbifund(~ai, ~Yi,~ai+1, ~Yi+1,mi), and internal leg is associated with Zvector(~a, ~Y ).
Each internal leg carries one ~ai and one ~Yi. For instance, the linear quiver is
associated with Fig.1. Now we define the bifundamental contribution
Zbifund(~a, ~Y ;~b, ~W ;m) =
2∏
i,j=1
∏
s∈Yi
(E(ai − bj , Yi,Wj , s)−m)×
×
∏
t∈Wj
(ǫ− E(bj − ai,Wj , Yi, t)−m). (2.5)
Here
E(a, Y1, Y2, s) = a+ ǫ1
(
kTj (Y1)− i+ 1
)
− ǫ2(ki(Y2)− j), (2.6)
where kTj (Y ), ki(Y ) is the height of column and length of row in the Ferrer-Young
diagram (Fig.2) and ǫ = ǫ1 + ǫ2. Now it is easy to define contributions of other
hypermultiplets:
• adjoint hypermultiplet
Zadj(~a, ~Y ,m) = Zbifund(~a, ~Y ,~a, ~Y ,m), (2.7)
• vector multiplet
Zvector(~a, ~Y ) =
1
Zadj(~a, ~Y , 0)
, (2.8)
• fundamental hypermultiplet
Zfund(~a, ~Y ,m) =
2∏
i=1
∏
s∈Yi
(φ(ai, s) +m), (2.9)
where
φ(a, s) = a+ ǫ1(i− 1) + ǫ2(j − 1). (2.10)
There are exact rules how to write instanton part of the Nekrasov partition function. With each external leg one
associates fundamental hypermultiplet, with each integral channel one associates the vector multiplet and with each
leg which separating two internal channels one associates the bifundamental hypermultiplet.
3
3 CFT input
Conformal field theory (CFT) [75, 76, 2] studies local fieldsAi(zi, z¯i) and their correlators 〈A1(z1, z¯1)A2(z2, z¯2)A3(z3, z¯3)....〉
which depend on zi, z¯i and dimensions of these fields, and they are linear functions with respect to each Ai(zi, z¯i).
The local fields form an operator algebra with product of the following form:
Ai(zi, z¯i)Aj(zj, z¯j) =
∑
k
Ckij(zi, z¯i, zj , z¯j)Ak(zj, z¯j). (3.1)
From the translation and conformal invariances one gets
(∂z1 + ∂z2)C
k
12(z1, z¯1, z2, z¯2) = 0⇒ C
k
12(z1, z¯1, z2, z¯2) = C
k
12(z12, z¯12)
(z1∂z1 + z2∂z2)C
k
12(z12, z¯12) = (∆k −∆1 −∆2)C
k
12(z12, z¯12)⇒ C
k
12(z12, z¯12) =
Ck12
|z12|∆1+∆2−∆k
,
(3.2)
where z12 = z1 − z2 and C
k
12 are complex numbers.
Also in CFT one postulates the existence of a special operator, the stress-tensor T (z) and conjugate operator T¯ (z¯),
but we study only the stress-tensor itself and thus only the holomorphic part of functions and fields. The stress-tensor
operator defines the Virasoro operator algebra in the following way. One defines the Virasoro operators using the
Laurent series for the stress tensor [2, 5]:
T (u)A(z) =
∞∑
n=−∞
Ln(z)
(u− z)n+2
A(z). (3.3)
From this formula one also can get the integral definition of Virasoro operators:
〈L−nA1(0)A2(z2)A3(z3)...〉 =
∮
0
dx
xn−1
〈T (x)A1(0)A2(z2)A3(z3)...〉 (3.4)
Using OPE for the stress-tensor one can find out that these Virasoro operators satisfy with the commutation
relation:
[Lm, Ln] = (m− n)Lm+n +
c
12
(m3 −m)δm+n. (3.5)
The field is called primary if it is an eigenvector of the zero-th Virasoro operator L0V = ∆V and LnV = 0, ∀n > 0,
∆ is called the dimension of this field. One can find out using commutation relation (3.5) that L0L−nV = (∆+n)L−nV .
In CFT one studies the fields made from the primary fields using the Virasoro operators in the following way: Vdes =
L−kN ..L−k2L−k1V = L−Y V , they are called descendants. Y = {k1 ≥ k2 ≥ ... ≥ kN} is called Ferrer-Young diagram
(Fig.2). The set of all descendants made from one primary field is called Verma module of this field.
We will use the following parametrization [5, 60] which is convenient for the formulation of the AGT conjecture:
∆α =
α(ǫ− α)
ǫ1ǫ2
(3.6)
c = 1 +
6ǫ2
ǫ1ǫ2
(3.7)
where ǫ = ǫ1 + ǫ2.
3.1 Diagram technique
1 1Dβ1 Dβn−2 Dβn−1
γβ1α0β0 γ
β2
α1β1
γ
βn−1
αn−2βn−2
γβnαn−1βn−1
Figure 3: Diagram technique.
Diagram technique for the conformal block contains the two elements: the propagator Dα(Y, Y
′) and the triple
vertices γβ2α1β1 (Fig.3). Now we are going to describe the properties of these two elements.
4
3.1.1 Propagator: the inverse Shapovalov matrix
Another object in CFT is the scalar product of two fields
〈
Vα̂|Vβ̂
〉
, α̂ = {α, Yα}. The scalar product is by definition
an object which is linear with respect to the fields and obeys the following equation:〈
L−nVα̂|Vβ̂
〉
=
〈
Vα̂|LnVβ̂
〉
(3.8)
As an example, one can define the scalar product as〈
Vαˆ|Vβˆ
〉
=
〈
Vαˆ(0)Vβˆ(∞)
〉
. (3.9)
since using the integral definition of Virasoro operators, one can get
〈L−nV∆(0)L−Y V∆(∞)〉 =
∮
0
dx
xn−1
〈T (x)V∆(0)L−Y ′V∆(∞)〉 =
=
∮
∞
dxxk−2
xn−1
〈V∆(0)LkL−Y ′V (∞)〉 = 〈V∆(0)LnL−Y ′V∆(∞)〉 . (3.10)
In our calculations we need the matrix of the Shapovalov form, defined as
Hαˆβˆ =
〈
Vαˆ|Vβˆ
〉
(3.11)
Using (3.9) one can find out that for two primaries the Shapovalov form can be represented as
Hαˆβˆ =
〈
L−YαVα|L−YβVβ
〉
= Q∆α(Yα, Yβ)δαβ (3.12)
where Q∆(Yα, Yβ) has the block-diagonal form:
Yα\Yβ ∅ [1] [2] [1, 1] [3] [2, 1] [1, 1, 1] . . .
∅ 1
[1] 2∆
[2] 12 (8∆ + c) 6∆
[1, 1] 6∆ 4∆(1 + 2∆)
[3] 6∆ + 2c 2(8∆ + c) 24∆
[2, 1] 2(8∆ + c) 8∆2 + (34 + c)∆ + 2c 36∆(∆+ 1)
[1, 1, 1] 24∆ 36∆(∆+ 1) 24∆(∆+ 1)(2∆ + 1)
...
. . .
.
(3.13)
Because of its block-diagonal form we can evaluate the inverse matrix of the Shapovalov form D∆(Yα, Yβ) =
Q−1∆ (Yα, Yβ) which we need for our purposes. It also has block-diagonal form and each block is the inverse of the
corresponding block from Q∆.
3.1.2 Triple vertices
There are two more objects within this framework. There are triple vertices
Γφχψ(Yφ, Yχ, Yψ) =
〈
L−YφVφ(0)L−YχVχ(1)L−YψVψ(∞)
〉
(3.14)
Γ
ψ
χφ(Yχ, Yφ, Yψ) =
〈
L−YψVψ |L−YχVχ(1)L−YφVφ(0)
〉
. (3.15)
In principle these two triple vertices are different objects, but if we define scalar product as in (3.9) they are equal to
each other:
Γ
ψ
χφ(Yχ, Yφ, Yψ) =
〈
L−YψVψ |L−YχVχ(1)L−YφVφ(0)
〉
=
=
〈
L−YφVφ(0)L−YχVχ(1)L−YψVψ(∞)
〉
= Γφχψ(Yφ, Yχ, Yψ) (3.16)
Using (3.10) and (3.8) one can find out that
〈
L−nVψˆ|Vχˆ(1)Vφˆ(0)
〉
=
∑
k>0
(n+ 1)!
(k + 1)!(n− k)!
〈
Vψˆ|(LkVχˆ)(1)Vφˆ(0)
〉
+
5
+ (n+ 1)
〈
Vψ̂|(L0Vχ̂)(1)Vφ̂(0)
〉
+
〈
Vψ̂ |(L−1Vχ̂)(1)Vφ̂(0)
〉
+
〈
Vψ̂|Vχ̂(1)(LnVφ̂)(0)
〉
(3.17)
From this formula any Γ could be found in principle, even if some of them are quite hard to evaluate in practice
[59]. There is a similar formula for Γ. In fact, in conformal block one needs not Γ and Γ but γ and γ defined as
Γφχψ(Yφ, Yχ, Yψ) = γφχψ(Yφ, Yχ, Yψ) 〈Vφ(0)Vχ(1)Vψ(∞)〉 (3.18)
Γ
ψ
χφ(Yχ, Yφ, Yψ) = γ
ψ
χφ(Yχ, Yφ, Yψ) 〈Vψ|Vχ(1)Vφ(0)〉 (3.19)
For a special set of there are exact general for γ and γ formulae:
γφχψ(Yφ,∅,∅) =
∏
i
∆φ + ki∆χ −∆ψ +∑
j<i
kj
 (3.20)
γχφψ(∅,∅, Yψ) =
∏
i
∆ψ + ki∆χ −∆φ +∑
j<i
kj
 (3.21)
List of some other evaluated γ with the aid of (3.17) is given in the Appendix A.
We pay the much attention on these vertices because we use them to evaluate conformal blocks. More concretely,
we use (3.1) to reduce the n−point conformal block to the (n− 1)−point conformal block. However, we do not know
the structure constants Ckij in terms of dimensions. We can express them in terms of these vertices
Γ¯χˆ
ψˆφˆ
def
=
〈
Vχˆ
∣∣Vψˆ(1)Vφˆ(0)〉 =∑
ξˆ
Cξ
ψˆφˆ
Hχˆξˆ =⇒ C
ξˆ
ψˆφˆ
= Γ¯χˆ
ψˆφˆ
(
H−1
)
χˆξˆ
. (3.22)
One can rewrite this formula in the form
C ξˆ
ψˆφˆ
= Cξψφγ
χ
ψφ(Yψ, Yφ, Yχ)Dξ(Yχ, Yξ) (3.23)
3.2 Conformal blocks
First of all, we do not really need to specify the conformal field theory because we will consider only conformal blocks
which are completely fixed by the conformal invariance. For detailed definitions and properties, see [2, 77]. The
conformal block can be associated with some diagram. Given a set of fields at some points, one can construct different
conformal blocks corresponding different diagrams.
3.2.1 The four-point conformal block
α0, x α1, 1
β0, 0 β1, 0 β2,∞
One always can fix three points with the help of projective symmetry. For z1 = 0, z2 = 1, z3 = ∞ the conformal
block depends only on one projective invariant x. One can use (3.1) and obtain
〈Vα0 (x)Vβ0(0)Vα1 (1)Vβ2(∞)〉 = x
−(∆α1+∆β0)
∑
βˆ1,βˆ′
x∆βˆ1 Γ¯βˆ1α0β0(H
−1)βˆ1βˆ
′
Γβˆ′α1β2 . (3.24)
With the help of (3.23), (3.1) one can rewrite (3.24)
〈Vα0(x)Vβ0(0)Vα1 (1)Vβ2(∞)〉 =
= x−(∆α0+∆β0)
∑
β1
x∆β1
(
Cβ1α0β0C
β2
α1β1
) ∞∑
l1=0
xl1
∑
|Y1|=l1
Y ′1
γβ1α0β0(∅, Y
′
1 ,∅)Dβ1(Y
′
1 , Y1)γ
β2
α1β1
(∅, Y1,∅) =
= x−(∆α0+∆β0)
∑
β1
x∆β1
(
Cβ1α0β0C
β2
α1β1
)
Bα0β0α1β2
(
Y1
∣∣x) , (3.25)
where Bα0β0α1β2
(
Y1
∣∣x) is the conformal block and Dβ1 is the inverse Shapovalov matrix. This formula defines the
four-point conformal block as a series in x.
6
3.2.2 The five-point conformal block
There are several conformal blocks. block. We consider only two of them. The first one coincides with the conformal
block proposed in [1].
We choose z1 = y, z2 = xy, z3 = 0, z4 = 1, z5 =∞. Then the expansion for the conformal block has the form
β0, 0 β1, 0 β2, 0 β3,∞
α0, xy α1, y α2, 1
〈Vα1(y)Vα0(xy)Vβ0(0)Vα2 (1)Vβ3(∞)〉 =
= (xy)−(α0+β0)y−α1
∑
β1,β2
x∆β1y∆β2Cβ1α0β0C
β2
α1β1
Cβ3α2β2×
×
∑
l1,l2
xl1yl2
∑
|Y1|=l1,|Y2|=l2
Y ′1 ,Y
′
2
γβ1α0β0(∅,∅, Y
′
1)Dβ1(Y
′
1 , Y1)γ
β2
α1β1
(∅, Y1, Y
′
2)Dβ2(Y
′
2 , Y2)γ
β3
α2β2
(∅, Y2,∅). (3.26)
This conformal block is a series in x, y. The conformal block is equal to the last sum.
The another conformal block can be defined as
β0, 0 β1, 0 β2, 1 β3, 1
α0, x α1,∞ α2, y
〈Vα0(x)Vβ0(0)Vβ3(1)Vα2(y)Vα1 (∞)〉 = x
−(∆α0+∆β0)(y − 1)−(∆α3+∆β3)
∑
β1,β2
x∆β1 (y − 1)∆β2Cβ2α0β1C
β3
α2β2
Cα1β1β2×
×
∑
l1,l2
∑
|Y1|=l1,|Y2|=l2
Y ′1 ,Y
′
2
xl1(y − 1)l2γβ1α0β0(∅,∅, Y
′
1)Dβ1(Y
′
1 , Y1)γ
α1
β1β2
(Y1, Y
′
2 ,∅)D˜β2(Y
′
2 , Y2)γ
β2
α2β3
(∅, Y2,∅) (3.27)
where Dβ(Y
′, Y ) is the inverse Shapovalov form, while D˜β(Y, Y
′) is inverse deformed Shapovalov form, which means
that this is product of field not in 0 and ∞ but in 1 and ∞.
Q˜∆([Y ], [Y
′]) =
∑
k
1
k!
Q∆
([
Y, 1k
]
, [Y ′]
)
. (3.28)
One can find the explicit formulae for the first few levels in the Appendix. The conformal block (3.27) is a series in x
and y − 1.
3.2.3 The six-point conformal block
We choose z1 = z, z2 = yz, z3 = xyz, z4 = 0, z5 = 1, z6 =∞. Then the conformal block (Fig.4) has the form
β0, 0 β4,∞β1, 0 β2, 0 β3, 0
α0, xyz α1, yz α2, z α3, 1
Figure 4: This diagram defines six-point conformal block.
〈Vα0(xyz)Vα1(yz)Vα2(z)Vβ0(0)Vα3(1)Vβ4(∞)〉 =
= x−(∆β0+∆α0)y−(∆β0+∆α0+∆α1)z−(∆β0+∆α0+∆α1+∆α2)
∑
β1,β2,β3
x∆β1 y∆β2 z∆β3Cβ1α0β0C
β2
α1β1
Cβ3α2β2C
β4
α3β3
×
×
∑
l1,l2,l3
xl1yl2zl3
∑
|Y1|=l1,|Y2|=l2,|Y3|=l3
Y ′1 ,Y
′
2Y
′
3
×
× γβ1α0β0(∅,∅, Y
′
1)Dβ1(Y
′
1 , Y1)γ
β2
α1β1
(∅, Y1, Y
′
2)Dβ2(Y
′
2 , Y3)γ
β3
α2β2
(∅, Y2, Y
′
3)Dβ3(Y
′
3 , Y3)γ
β4
α3β3
(∅, Y3,∅) (3.29)
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3.2.4 The n-point conformal block
Formula for the n-point conformal block (Fig.5)
B =
∑
l1,...,ln
xl11 . . . x
ln
n B
(l1,...,ln) (3.30)
B(l1,...,ln) =
∑
|Y1|=l1
...
|YN |=ln
n+1∏
i=1
∑
Y ′i
γβii−1βi−1(∅, Yi−1, Y
′
i )Dβi(Y
′
i , Yi), (3.31)
where xn+1 = 1, ln+1 = 0, Y0 ≡ ∅, Yn+1 ≡ ∅, Dβi is the inverse Shapovalov form.
3.3 Explicit patch of the moduli space
β0, 0 β1, 0 βn−3, 0 βn−2,∞
α0, x1 . . . xn−3 αn−4, xn−3 αn−3, 1
Figure 5: This diagram defines the fusing rule for fields in
the conformal block. We called this diagram type comb-
type diagram. AGT conjecture speculates only about di-
agram of this type.
Because of the SL(2,Z) symmetry n-point conformal block
depends only on n−3 projective invariants. The conformal
block is well defined for any non-coinciding coordinates.
However, the Nekrasov partition function is defined only
in neighborhood of the infinity in the moduli space of SW
vacua [11, 12].
In this patch the parameters qi must be small (qi ≪ 1).
The Nekrasov partition function is a series in qi, while the
conformal block is a series in xi-projective invariants. One
should set xi = qi modulo permutations.
Consequently for the conformal block one should
choose the fields in the special points
∞, 1, xn−3, xn−3xn−4, . . . ,
n−3∏
i=1
xi, 0, xi ≪ 1, (3.32)
where n is the number of fields in the conformal block. The choice turns out to be crucial. The CFT diagram defines
the order of fusion, hence this special choice of the projective invariants gives only one type of diagram that is the
comb diagrams. In [1] it was conjectured about the comb type of the diagram with special hierarchy of points. For
instance, the 5-point conformal block should be calculated only for points 0, xy, y, 1,∞, where x, y ≪ 1. Other choices
as we checked do not provide the desired equality between the conformal block and the Nekrasov partition function.
In more detail, when one fuses the fields at points y and 1, and the fields at points x with the fields at points 0, Fig.6
a) one does not obtain the equality of the conformal block and the instanton partition function. For the 6−point
conformal block, there is an extra diagram type, Fig.6 b).
❅
❅
 
  ❅
❅
 
 
α1, x
α2, 0
α3, y
α4, 1
α5,∞
β1, 0 β2, 1
❅
❅
 
 
 
 
❅
❅
  ❅❅
a) b)
Figure 6: a)This is the wrong fusion order. b) This type of the conformal block corresponds to "the generalized
quiver". The correspondence in this case has not been discovered explicitly yet.
4 U(1)-factor from the free fields conformal block
Manifest expressions for the Nekrasov functions which we discuss in sec.2 are for the theory with gauge group
n⊗
i=1
SU(N)
(quiver theories), in our case
n⊗
i=1
SU(2). At the same time, in the AGT conjecture the theories with gauge group
n⊗
i=1
U(2), hence one has to multiply those partition functions by contributions of U(1)-factors. In the original paper
[1] there is the explicit formula for the U(1)−factor. We propose a general method to reproduce these factors for any
quiver theory. Let us consider the free field correlator
〈Vα1(z1, z¯1) . . . Vαn(zn, z¯n)〉 =
∏
i<j
|zi − zj|
−2αiαj , (4.1)
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where Vαi (zi, z¯i) =: e
αiϕ(zi,z¯i) : . We are going to consider only holomorphic part of this correlator (the conformal
block with a restricted intermediate dimension). Assuming that monomial factors contribute only to the classical part,
we are only interested in non-monomial multipliers. This allows us to write the recurrence relation
ZU(1)n = Z
U(1)
n−1
n−3∏
i=1
1− n−3∏
j=i
xj
−νi+n(n−1)/2 , (4.2)
where xi are the projective invariants, which mean that with the aid of the conformal symmetry we can move three
points to the points 0, 1,∞, then other coordinates zi become xi. νi is the power in U(1)-factor. This recurrent
relation can be solved by direct calculation:
ZU(1)n =
n∏
i=1
i−3∏
j=1
1− i−3∏
k=i−j+1
xk
−νj+i(i−1)/2 (4.3)
We remind that Zn−3 corresponds to the n-point conformal block. For the four-point conformal block, the U(1)−factor
is of the form (1− x)−ν .
5 Relations between 2d conformal blocks and 4d Nekrasov partition func-
tions
In this section we discuss the relations between the conformal dimensions and the Nekrasov partition function param-
eters. We check the relation
B = ZU(1)Zinst (5.1)
where the conformal block is a function of the parameters
B = B(∆1, . . . ,∆n,∆β1 , . . . ,∆βn−3 , x1, . . . , xn−3), (5.2)
while the Nekrasov partition function and U(1)−factor are the functions of
Zinst = Zinst(ǫ1, ǫ2, µ1, µ2, µ3, µ4,m1, . . . ,mn−3, a1, . . . , an−3, q1, . . . , qn−3)
ZU(1) = ZU(1)(ν1, . . . , νn(n+3)/2, q1, . . . , qn−3.)
. (5.3)
We use the special parametrization for the conformal dimensions and central charge (3.7), because there is a linear
relations between αi and mi, µi, ǫi. The intermediate dimensions are given by
βi = ai +
ǫ
2
, i = 1, . . . , n− 3, (5.4)
where ǫ = ǫ1 + ǫ2, and βi parametrize the intermediate dimensions in accordance with (3.6). After substituting (5.4)
at each level of the conformal block expansion,its coefficients of the expansion depend on ai.
5.1 Symmetries
From (3.6) it is easy to see that there are symmetries in our answers with respect to the reflection αi → (ǫ − αi) of
any external dimensions. For all n-point conformal blocks except for the 4-point one the variety of solutions is due
to these symmetries. Thus there are 2n cases of the CFT side of solutions. From (2.3) one can see also that the
Nekrasov partition function would not change if one permutes µ1 and µ2 or µ3 and µ4. So there are 4 cases of the
Nekrasov partition function side of solutions. Thus for AGT conjecture in the n-point case there are 2n−2 solutions
for parameters.
There is also exceptional case of the 4-point conformal block. In this case one has an additional symmetry α0 ↔ β0
and α1 ↔ β2 which doubles the number of solutions. Thus there are 8 different solutions for the 4-point case.
The explanation of this symmetry is following: the conformal block depends on variables, which are double ratios
x =
zα0β0zβ2α1
zα1β0zβ2α0
. Thus for the 4-point conformal block there is only one variable x and it would not change if one
applies this symmetry. Thus the answer derived from the correct one using this permutation will also satisfy the AGT
conjecture. However for the general n-point conformal block there are several variables and such symmetry can reserve
only one of them. Thus this symmetry does not exist for general n-point conformal block case.
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5.2 The four-point case
In this case, the U(1)−factor is of the form (1− x)−ν .
Explicit expressions for the conformal block and for the Nekrasov partition function expansion are
β0, 0 β1, 0 β2,∞
α0, x α1, 1
• Level [1]
– Nekrasov partition function
Z(1) = Z ([1],∅) + Z (∅, [1]) + ν = −
1
ǫ1ǫ2
·
∏4
r=1(a+ µr)
2a(2a+ ǫ)
−
1
ǫ1ǫ2
·
∏4
r=1(a− µr)
2a(2a− ǫ)
+ ν. (5.5)
– Conformal block
B(1) = γβ1α0β0(∅,∅, [1])Dβ1([1], [1])γ
β2
α1β1
(∅, [1],∅) =
(∆β1 +∆α0 −∆β0)(∆β1 +∆α1 −∆β2)
2∆β1
=
=
2
(
ǫ2
4
− a2 + α0(ǫ− α0)− β0(ǫ − β0)
)(
ǫ2
4
− a2 + α1(ǫ− α1)− β2(ǫ− β2)
)
ǫ1ǫ2(ǫ2 − 4a2)
.. (5.6)
• Level [2]
– Nekrasov partition function
Z(2) = Z ([2],∅) + Z (∅, [2]) + Z ([1, 1],∅) + Z (∅, [1, 1])+
+ Z ([1], [1]) + ν (Z ([1],∅) + Z (∅, [1])) +
ν(ν + 1)
2
. (5.7)
– Conformal block
B(2) = γβ1α0β0(∅,∅, [2])Dβ1([2], [2])γ
β2
α1β1
(∅, [2],∅) + γβ1α0β0(∅,∅, [2])Dβ1([2], [1
2])γβ2α1β1(∅, [1
2],∅)+
+ γβ1α0β0(∅,∅, [1
2])Dβ1([1
2], [2])γβ2α1β1(∅, [2],∅) + γ
β1
α0β0
(∅,∅, [12])Dβ1([1
2], [12])γβ2α1β1(∅, [1
2],∅). (5.8)
• Level [3]
– Nekrasov Partition function
Z(3) = Z ([3],∅) + Z (∅, [3]) + Z ([2, 1],∅) + Z ([1, 1, 1],∅)+
+ Z (∅, [2, 1]) + Z (∅, [1, 1, 1]) + Z ([2], [1]) + Z ([1], [2]) + Z ([1, 1], [1]) + Z ([1], [1, 1])+
+ ν (Z ([2],∅) + Z (∅, [2]) + Z ([1, 1],∅) + Z (∅, [1, 1]) + Z ([1], [1]))+
+
ν(ν + 1)
2
(Z ([1],∅) + Z (∅, [1])) +
ν(ν + 1)(ν + 2)
6
. (5.9)
– Conformal block
B(3) = γβ1α0β0(∅,∅, [3])Dβ1([3], [3])γ
β2
α1β1
(∅, [3],∅) + γβ1α0β0(∅,∅, [3])Dβ1([3], [2, 1])γ
β2
α1β1
(∅, [2, 1],∅)+
+ γβ1α0β0(∅,∅, [3])Dβ1([3], [1
3])γβ2α1β1(∅, [1
3],∅) + γβ1α0β0(∅,∅, [2, 1])Dβ1([2, 1], [3])γ
β2
α1β1
(∅, [3],∅)+
+ γβ1α0β0(∅,∅, [2, 1])Dβ1([2, 1], [2, 1])γ
β2
α1β1
(∅, [2, 1],∅) + γβ1α0β0(∅,∅, [2, 1])Dβ1([2, 1], [1
3])γβ2α1β1(∅, [1
3],∅)+
+ γβ1α0β0(∅,∅, [1
3])Dβ1([1
3], [3])γβ2α1β1(∅, [3],∅) + γ
β1
α0β0
(∅,∅, [13])Dβ1([1
3], [2, 1])γβ2α1β1(∅, [2, 1],∅)+
+ γβ1α0β0(∅,∅, [1
3])Dβ1([1
3], [13])γβ2α1β1(∅, [1
3],∅). (5.10)
• etc.
More explicit formulae could be found in the Appendix. In order to solve the system{
B(1) = Z(2)
B(2) = Z(2)
, (5.11)
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it is convenient to use other variables si
σ1 = µ1 + µ2 + µ3 + µ4, σ3 = µ1µ2µ3 + µ1µ2µ4 + µ1µ3µ4 + µ2µ3µ4,
σ2 = µ1µ2 + µ1µ3 + µ1µ4 + µ2µ3 + µ2µ4 + µ3µ4, σ4 = µ1µ2µ3µ4. (5.12)
(5.13)
Then, the simple relations between the masses in 4d theory and the α parameters in 2d CFT on sphere are
µ1 = −
ǫ
2 + α0 + β0 µ2 =
ǫ
2 + α0 − β0
µ3 =
3ǫ
2 − α1 − β2 µ4 =
ǫ
2 − α1 + β2
, ν =
2α0(ǫ − α1)
ǫ1ǫ2
, (5.14)
Also using symmetries described in Sec.5.1 one can obtain other solutions. For this simple case one can count
directly number of solutions, and find out that there are exactly 8 different solutions in this case.
These solutions satisfy all other equations in the third order.
5.3 The five-point case
The U(1)−factor is of the form (1−x)−ν1(1−y)−ν2(1−xy)−ν3 . Explicit expressions for the conformal block expansion
and for the Nekrasov partition function expansion:
• Level [1,0]
– Nekrasov partition function
Z(1,0) = Z([[1],∅], [∅,∅]) + Z([∅, [1]], [∅,∅]) + ν1 =
= −
(a1 + µ1)(a1 + µ2)(a1 − a2 + ǫ−m1)(a1 + a2 + ǫ−m1)
(2ǫ1ǫ2a1(2a1 + ǫ))
−
−
(−a1 + µ1)(−a1 + µ2)(−(a1 + a2) + ǫ−m1)(−a1 + a2 + ǫ−m1)
(2ǫ1ǫ2a1(2a1 − ǫ))
+ ν1 (5.15)
– Conformal block
B(1,0) = γβ1α0β0(∅,∅, [1])Dβ1([1], [1])γ
β2
α1β1
(∅, [1],∅) =
(∆β1 +∆α0 −∆β0)(∆β1 +∆α1 −∆β2)
2∆β1
=
=
2
(
ǫ2
4
− a21 + α0(ǫ − α0)− β0(ǫ− β0)
)(
−a21 + α1(ǫ − α1) + a
2
2
)
ǫ1ǫ2(ǫ2 − 4a21)
.. (5.16)
• Level [0,1]
– Nekrasov partition function
Z([∅,∅], [[1],∅]) + Z([∅,∅], [∅, [1]]) + ν2 =
= −
(a2 + µ3)(a2 + µ4)(−a1 + a2 +m1)(a1 + a2 +m1)
2ǫ1ǫ2a2(2a2 + ǫ)
−
−
(−a2 + µ3)(−a2 + µ4)(a1 + a2 −m1)(−a1 + a2 −m1)
2ǫ1ǫ2a2(2a2 − ǫ)
+ ν2 (5.17)
– Conformal block
B(0,1) = γβ2α1β1(∅,∅, [1])Dβ2([1], [1])γ
β3
α2β2
(∅, [1],∅) =
(∆β2 +∆α1 −∆β1)(∆β2 +∆α2 −∆β3)
2∆β2
=
=
2
(
−a22 + α1(ǫ − α1) + a
2
1
)(ǫ2
4
− a22 + α2(ǫ − α2)− β3(ǫ − β3)
)
ǫ1ǫ2(ǫ2 − 4a22)
(5.18)
• Level [2,0]
– Nekrasov partition function
Z ([[2],∅] , [∅,∅]) + Z ([[1], [1]] , [∅,∅]) + Z ([∅, [2]] , [∅,∅])+
+ Z ([[1, 1],∅] , [∅,∅]) + Z ([∅, [1, 1]] , [∅,∅])+
+ ν1 (Z ([[1],∅] , [∅,∅]) + Z ([∅, [1]] , [∅,∅])) +
1
2
ν1(ν1 + 1). (5.19)
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– Conformal block
B(2,0) = γβ1α0β0(∅,∅, [2])Dβ1([2], [2])γ
β2
α1β1
(∅, [2],∅)+
+ γβ1α0β0(∅,∅, [2])Dβ1([2], [1
2])γβ2α1β1(∅, [1
2],∅)+
+ γβ1α0β0(∅,∅, [1
2])Dβ1([1
2], [2])γβ2α1β1(∅, [2],∅)+
+ γβ1α0β0(∅,∅, [1
2])Dβ1([1
2], [12])γβ2α1β1(∅, [1
2],∅). (5.20)
• Level [0,2]
– Nekrasov partition function
Z ([∅,∅] , [[2],∅]) + Z ([∅,∅] , [∅, [2]]) + Z ([∅,∅] , [[1], [1]])+
+ Z ([∅,∅] , [[1, 1],∅]) + Z ([∅,∅] , [∅, [1, 1]])+
+ ν2 (Z ([∅,∅] , [[1],∅]) + Z ([∅,∅] , [∅, [1]])) +
1
2
ν2(ν2 + 1) (5.21)
– Conformal block
B(0,2) = γβ2α1β1(∅,∅, [2])Dβ2([2], [2])γ
β3
α2β2
(∅, [2],∅)+
+ γβ2α1β1(∅,∅, [2])Dβ2([2], [1
2])γβ3α2β2(∅, [1
2],∅)+
+ γβ2α1β1(∅,∅, [1
2])Dβ2([1
2], [2])γβ3α2β2(∅, [2],∅)+
+ γβ2α1β1(∅,∅, [1
2])Dβ2([1
2], [12])γβ3α2β2(∅, [1
2],∅) (5.22)
• Level [1,1]
– Nekrasov partition function
Z
([
[1],∅
]
,
[
[1],∅
])
+ Z
([
∅, [1]
]
,
[
[1],∅
])
+ Z
([
∅, [1]
]
,
[
∅, [1]
])
+ Z
([
[1],∅
]
,
[
∅, [1]
])
+
+ ν1
(
Z
(
[∅,∅],
[
[1],∅
])
+ Z
(
[∅,∅],
[
∅, [1]
]))
+ ν2
(
Z
([
[1],∅
]
, [∅,∅]
)
+ Z
([
∅, [1]
]
, [∅,∅]
))
+ ν1ν2+ ν3
(5.23)
– Conformal block
B(1,1) = γβ1α0β0(∅,∅, [1])Dβ1([1], [1])γ
β2
α1β1
(∅, [1], [1])Dβ2([1], [1])γ
β3
α2β2
(∅, [1],∅) (5.24)
• Expressions for order 3, id est levels [3,0],[0,3],[2,1],[1,2] are very cumbersome to be presented here.
More explicit formulae could be found in the Appendix. In order to solve the system
B(1,0) = Z(1,0)
B(0,1) = Z(0,1)
B(1,1) = Z(1,1)
B(2,0) = Z(2,0)
B(0,2) = Z(0,2)
, (5.25)
one should use other variables σi, τi
σ1 = µ1 + µ2, σ2 = µ1µ2
τ1 = µ3 + µ4, τ2 = µ3µ4. (5.26)
The relation between the masses in 4d theory and the α parameters in 2d CFT on sphere is
µ1 = −
ǫ
2
+ α0 + β0, µ2 =
ǫ
2
+ α0 − β0
µ3 =
3ǫ
2
− α2 − β3, µ4 =
ǫ
2
− α2 + β3 m1 = α1, (5.27)
ν1 =
2α0(ǫ− α1)
ǫ1ǫ2
, ν2 =
2α1(ǫ− α2)
ǫ1ǫ2
, ν3 =
2α0(ǫ− α2)
ǫ1ǫ2
.
together with other solutions, obtained by the symmetry αi −→ Q − αi for each αi, β0, β3. These solutions obey all
other equations from order two and three.
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5.4 The six-point case
The U(1)−factor is of the form (1− x)−ν1(1− y)−ν2(1− xy)−ν3(1− z)−ν4(1− yz)−ν5(1− xyz)−ν6 . All the expressions
for expansion coefficients could be straightforwardly written down. However,they are quite involved, and we write
them only symbolically (Fig.7-Fig.9)
• Order 1
β0 β1 β2
α0 α1
Level [1,0,0]
β1 β2 β3
α1 α2
Level [0,1,0]
β2 β3 β4
α2 α3
Level [0,0,1]
Figure 7:
• Order 2
Levels [2,0,0], [0,2,0], [0,0,2] Level [1,0,1]
⊗
Levels [0,1,1], [1,1,0]
Figure 8:
• Order 3
[3,0,0]
Levels [0,3,0]
[0,0,3]
Levels [2,0,1]
[1,0,2]
⊗
[2,1,0]
Levels [1,2,0]
[0,1,2]
[0,2,1]
Level [1,1,1]
Figure 9:
More explicit formulae could be found in the Appendix. In order to solve the system
B(1,0,0) = Z(1,0,0)
B(0,1,0) = Z(0,1,0)
B(0,0,1) = Z(0,0,1)
B(1,1,0) = Z(1,1,0)
B(0,1,1) = Z(0,1,1)
B(1,1,1) = Z(1,1,1)
, (5.28)
one should use the variables σi, τi
σ1 = µ1 + µ2, σ2 = µ1µ2
τ1 = µ3 + µ4, τ2 = µ3µ4. (5.29)
The relations between the masses in 4d theory and the α parameters in 2d CFT on sphere are
µ1 = −
ǫ
2
+ α0 + β0, µ2 =
ǫ
2
+ α0 − β0, m1 = α1,
µ3 =
3ǫ
2
− α3 − β4, µ4 =
ǫ
2
− α3 + β4 m2 = α2, (5.30)
ν1 =
2α0(ǫ− α1)
ǫ1ǫ2
, ν2 =
2α1(ǫ− α2)
ǫ1ǫ2
, ν3 =
2α0(ǫ− α2)
ǫ1ǫ2
,
ν4 =
2α2(ǫ− α3)
ǫ1ǫ2
, ν5 =
2α1(ǫ− α3)
ǫ1ǫ2
, ν6 =
2α0(ǫ− α3)
ǫ1ǫ2
.
together with the other solutions, obtained by the symmetries αi −→ Q−αi for each αi, β0, β4. These solutions satisfy
all other equations in the second and the third orders.
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5.5 The n−point case
In the general case, the relation between masses and αi was conjectured in [1]. After the 5−, 6−point calculations one
can reveal a remarkable consequence of the formulae for the n−point conformal block (3.31) and the corresponding
partition function (2.3). In the n−point case, the conformal block at the levels up to (n − 4) − th reduces to the
4, . . . , (n− 1)−point cases. This means that the AGT relation obtained from each orders 1, . . . , n− 4 for any n-point
conformal block has the same form as the AGT relations in the 4, . . . , (n− 1)−point cases or the former relations are
products of the latter ones. Consequently, these relations are satisfied by the same solutions. The first non-trivial case
arises from the level [1n−3]. Thus, calculating the first n − 3 order of the 4, . . . , n-point conformal block guarantees
the self-consistency of AGT conjecture for the first n− 3 orders of the n-point case. The first level always reduces to
the 4−point case, the second one always reduces to the 4−, 5−point cases and so on because
Zbifund(~a, ~Y , 0,∅,m) =
(
Zfund(~a, ~Y , ǫ−m)
)2
(5.31)
Zbifund(0,∅,~a, ~Y ,m) =
(
Zfund(~a, ~Y ,m)
)2
. (5.32)
Now let us discuss general relations between the masses and conformal dimensions. For instance, for any n−point
βi−1 βi βi+1
αi−1 αi
a)
βi βi+1 βi+2
αi αi+1
b)
Figure 10:
case the first order AGT relations reduces to the 4−point case
B =
∑
|Yi|=li
xli
∑
Y ′i
γβiαi−1βi−1(∅,∅, Y
′
i )Dβi(Y
′
i , Yi)γ
βi+1
αiβi
(∅, Yi,∅), (5.33)
Z = ZU(1)Zbifund(0,∅,~ai, ~Yi,mi−1)Zvector(~ai, ~Yi)Zbifund(~ai, ~Yi, 0,∅,mi), (5.34)
these formulae correspond to diagram Fig.10a). The second order in the 5−case reduces to the 4−point case and con-
tains one new level [1,1]. The second order in the 6−point case reduces to the 4−point case (levels [2,0,0],[0,2,0],[0,0,2])
(3.25), to product of the 4−point cases ( level [1,0,1]) and to the 5−point case (levels [0,1,1],[1,1,0]). The second
order of the 6−point case contains one non-trivial level [1,1,1]. All other levels reduce to the 4 − point, product of
two 4−point and to the 5−point cases.
To obtain formulae for mi one should consider two series of the levels
[0, . . . , 0, li, 0, . . . , 0], li ∈ N and [0, . . . , 0, li+1, 0, . . . , 0], li+1 ∈ N
B =
∑
|Yi|=li
xli
∑
Y ′i
γβiαi−1βi−1(∅,∅, Y
′
i )Dβi(Y
′
i , Yi)γ
βi+1
αiβi
(∅, Yi,∅), (5.35)
Z = ZU(1)Zbifund(0,∅,~ai, ~Yi,mi−1)Zvector(~ai, ~Yi)Zbifund(~ai, ~Yi, 0,∅,mi), (5.36)
see diagram Fig.10a)
B =
∑
|Yi+1|=li+1
xli+1
∑
Y ′i
γ
βi+1
αiβ1
(∅,∅, Y ′i+1)Dβi+1(Y
′
i+1, Yi+1)γ
βi+2
αi+1βi+1
(∅, Yi+1,∅), (5.37)
Z = ZU(1)Zbifund(0,∅,~ai+1, ~Yi+1,mi)Zvector(~ai+1, ~Yi+1)Zbifund(~ai+1, ~Yi+1, 0,∅,mi+1), (5.38)
and these formulae correspond to diagram Fig.10b). Solving these two systems one obtains two sets of solution for mi
from each system. So the general solution for n-point which reduces to these two systems will be
µ1 = −
ǫ
2
+ α0 + β0, µ2 =
ǫ
2
+ α0 − β0, mi = αi,
µ3 =
3ǫ
2
− αn−3 − βn−2, µ4 =
ǫ
2
− αn−3 + βn−2, (5.39)
νij =
2αi(ǫ− αj)
ǫ1ǫ2
.
or any other solutions, made from this one using general symmetries, described in Section 5.1.
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6 Conclusion
We checked the AGT conjecture up to the third level for the 4-,5-,6-points conformal blocks and confirmed all the
predictions. We also showed that correct universal formulae for parameters of U(1) factors are given by (5.39). Also we
discuss the possible expression for U(1)−factor. The exact proof of the AGT relations within this framework requires
a manifest expression for the conformal block. However, it is not available, since no exact general formulas both for
vertices and the Shapovalov form are known. The non-comb type conformal blocks (non-linear quiver theories case)
require more complicated generalization of the AGT framework.
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A List of vertices
In this appendix the list of different vertices used in this paper is given. Useful formula
γ123([Y2, 1], [Y3], [Y1]) = (∆1 −∆2 −∆3 + |Y1| − |Y2| − |Y3|) γ
1
23([Y2], [Y3], [Y1]). (A.1)
The full list of the vertices (most of them require direct calculation without (A.1))
γ123([1],∅,∅) = −γ
1
23(∅, [1],∅), (A.2)
γ123([1],∅,∅) = (∆1 −∆2 −∆3), (A.3)
γ123(∅, [1],∅) = (∆3 +∆2 −∆1), (A.4)
γ123(∅,∅, [1]) = (∆1 +∆2 −∆3), (A.5)
γ123([1], [1],∅) = −(∆3 +∆2 −∆1)(∆3 +∆2 −∆1 + 1), (A.6)
γ123(∅, [1], [1]) = (∆3 +∆2 −∆1)(∆1 +∆2 −∆3 − 1) + 2∆3, (A.7)
γ123([1],∅, [1]) = (∆1 +∆2 −∆3)(∆1 −∆2 −∆3 + 1), (A.8)
γ123([1
2],∅,∅) = (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1), (A.9)
γ123(∅, [1
2],∅) = (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1), (A.10)
γ123(∅,∅, [1
2]) = (∆1 +∆2 −∆3)(∆1 +∆2 −∆3 + 1), (A.11)
γ123(∅,∅, [2]) = (∆1 + 2∆2 −∆3), (A.12)
γ123(∅, [2],∅) = (∆3 + 2∆2 −∆1), (A.13)
γ123([1], [2],∅) = (∆1 −∆2 −∆3 − 2)(∆3 + 2∆2 −∆1), (A.14)
γ123(∅, [1], [2]) = (∆3 +∆2 −∆1)(∆1 + 2∆2 −∆3 − 1), (A.15)
γ123(∅, [2], [1]) = (∆3 + 2∆2 −∆1)(∆1 +∆2 −∆3 − 2) + 3(∆3 +∆2 −∆1), (A.16)
γ123(∅, [1], [1
2]) = 2∆3(∆1 +∆2 −∆3) + 2∆3(∆1 +∆2 −∆3 − 1)+
+ (∆3 +∆2 −∆1)(∆1 +∆2 −∆3 − 1)
2, (A.17)
γ123(∅, [1
2], [1]) = 2(2∆3 + 1)(∆3 +∆2 −∆1)+
+ (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)(∆1 +∆2 −∆3 − 2), (A.18)
γ123([1], [1], [1]) = 2∆3(∆1 −∆2 −∆3 − 1) + (∆1 −∆2 −∆3)(∆3 +∆2 −∆1)(∆1 +∆2 −∆3 − 1), (A.19)
γ123([1],∅, [1
2]) = (∆1 −∆2 −∆3 + 1)(∆1 +∆2 −∆3)(∆1 +∆2 −∆3 + 1), (A.20)
γ123([1], [1
2],∅) = (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)(∆1 −∆2 −∆3 − 2), (A.21)
γ123([1
2],∅, [1]) = (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)(∆1 +∆2 −∆3), (A.22)
γ123(∅, [2], [2]) = (∆3 + 2∆2 −∆1)(∆1 + 2∆2 −∆3 − 2) + 4∆3 +
c
2
, (A.23)
γ123(∅, [1
2], [2]) = 6∆3 + (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)(∆1 + 2∆2 −∆3 − 2), (A.24)
γ123([1], [2], [1]) = (∆3 + 2∆2 −∆1)(∆1 +∆2 −∆3 − 2)(∆1 −∆2 −∆3 − 1)+
+ 3(∆3 +∆2 −∆1)(∆1 −∆2 −∆3 − 1), (A.25)
γ123([1
2], [2],∅) = (∆1 −∆2 −∆3 − 3)(∆1 −∆2 −∆3 − 2)(∆3 + 2∆2 −∆1), (A.26)
γ123(∅, [2], [1
2]) = 6(∆1 +∆2 −∆3 − 1)(∆3 +∆2 −∆1)+
+ (∆1 +∆2 −∆3 − 1)(∆3 + 2∆2 −∆1)(∆1 +∆2 −∆3 − 2) + 6∆3, (A.27)
γ123([1
2], [12],∅) = (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)× (A.28)
× (∆1 −∆2 −∆3 − 2)(∆1 −∆2 −∆3 − 3), (A.29)
γ123([1], [1
3],∅) = −(∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)× (∆1 −∆2 −∆3 − 2)(∆1 −∆2 −∆3 − 3), (A.30)
γ123([1], [1
2], [1]) = 2(2∆3 + 1)(∆3 +∆2 −∆1)(∆1 −∆2 −∆3 − 1)+
+ (∆1 −∆2 −∆3)(∆1 −∆2 −∆3 − 1)
2(∆1 +∆2 −∆3 − 2), (A.31)
γ123(∅, [1
2], [12]) = 2∆2γ
1
23(∅, [1
2], [1]) + γ123([1], [1
2], [1]) + 2(2∆3 + 1)γ
1
23(∅, [1], [1]) (A.32)
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B Explicit evaluation
B.1 The four-point conformal block and U(2)-quiver
• Level 1
Conformal block = Nekrasov’s partition function
a4 −2 = −2 (B.1)
a2 ǫ2 − 2(α20 − β
2
0 + α
2
1 − β
2
2)− 2ǫ(α0 − β0 + α1 − β2) = −2σ2 + ǫσ1 + 4νǫ1ǫ2 (B.2)
a0 −2
(
ǫ2/2 + ǫ(α0 − β0)− (α
2
1 − β
2
0)
)
× = −2σ4 + ǫσ3 − νǫ1ǫ2ǫ
2(
ǫ2/2 + ǫ(α1 − β2)− (α
2
3 − β
2
2)
)
(B.3)
• Level 2
Conformal block = Nekrasov’s partition function
a10 16 = 16 (B.4)
a8 −
{
32ǫ2 + 18ǫ1ǫ2 = 16(2σ2 − ǫσ1 − ǫ
2)− 18ǫ1ǫ2
+32
(
ǫ(α0 − β0 + α1 − β2) + α
2
0 − β
2
0 + α
2
1 − β
2
2
)}
− 64νǫ1ǫ2 (B.5)
a6 . . . a4 . . . a2 . . . a0
(B.6)
B.2 The five-point conformal block and U(2)⊗ U(2)-quiver
• Level [1,0]
Conformal block = Nekrasov’s partition function
a41a
0
2 2 = 2 (B.7)
a21a
2
2 −2 = −2 (B.8)
a21a
0
2 −ǫ
2/2 + 2(α20 + β
2
0 − α
2
2)− 2ǫ(α0 + β0 − α2) = 2µ1µ2 + (µ1 + µ2)(3ǫ− 4m1)+
+ 2m1(m1 − ǫ)− 4ν1ǫ1ǫ2 (B.9)
a01a
2
2 ǫ
2/2− 2(β0 − α2)(β0 + α2 − ǫ) = ǫ(µ1 + µ2)− 2µ1µ2 (B.10)
a01a
0
2 α0(ǫ − α0)(ǫ
2/2 + 2(β0 − α2)(ǫ− (β0 + α2))) = 2m1µ1µ2(m1 − ǫ)−
− ǫ(µ1 + µ2)(m1 − ǫ)
2 + ν1ǫ1ǫ2ǫ
2 (B.11)
• Level [0,1]
Conformal block = Nekrasov’s partition function
a01a
4
2 2 = 2 (B.12)
a21a
2
2 −2 = −2 (B.13)
a01a
2
2 −ǫ
2/2 + 2(α20 + β
2
3 − α
2
1)− 2ǫ(α0 + β3 − α1) = 2µ3µ4 + (µ3 + µ4)(4m1 − ǫ)+
+ 2m1(m1 − ǫ)− 4ν2ǫ1ǫ2 (B.14)
a21a
0
2 ǫ
2/2− 2(β3 − α1)(β3 + α1 − ǫ) = ǫ(µ3 + µ4)− 2µ3µ4 (B.15)
a01a
0
2 α0(ǫ− α0)(ǫ
2/2 + 2(β3 − α1)(ǫ − β3 − α1)) = 2m1µ3µ4(m1 − ǫ)−
− ǫ(µ3 + µ4)m
2
1 + ν2ǫ1ǫ2ǫ
2 (B.16)
1.
σ1 = 2β0, σ2 =
(
−
ǫ
2
+ β0 + α2
)( ǫ
2
+ β0 − α2
)
,
τ1 = 2(ǫ− β3), τ2 =
( ǫ
2
− β3 + α1
)(3ǫ
2
− β3 − α1
)
,
ν1 =
2β0(ǫ − α0)
ǫ1ǫ2
, ν2 =
2α0(ǫ− β3)
ǫ1ǫ2
, ν3 =
2β0(ǫ − β3)
ǫ1ǫ2
,
m1 = α0. (B.17)
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2.
σ1 = 2ǫ2 + 2ǫ1 − 2β0, σ2 = 1/4(ǫ− 2β0 + 2α2)(3ǫ1 + 3ǫ2 − 2β0 − 2α2),
τ1 = 2β3, τ2 = −1/4(ǫ− 2β3 − 2α1)(ǫ + 2β3 − 2α1),
ν1 =
2α0(ǫ− β0)
ǫ1ǫ2
, ν2 =
2β3(ǫ − α0)
ǫ1ǫ2
, ν3 =
2β3(ǫ − β0)
ǫ2ǫ1
,
m1 = ǫ− α0. (B.18)
3.
σ1 = 2ǫ2 + 2ǫ1 − 2β0, σ2 = 1/4(ǫ− 2β0 + 2α2)(3ǫ1 + 3ǫ2 − 2β0 − 2α2),
τ1 = 2β3, τ2 = −1/4(ǫ− 2β3 − 2α1)(ǫ + 2β3 − 2α1),
ν1 =
2(ǫ− β0)(ǫ − α0)
ǫ1ǫ2
, ν2 =
2β3α0
ǫ1ǫ2
, ν3 =
2β3(ǫ− β0)
ǫ2ǫ1
,
m1 = α0. (B.19)
4.
σ1 = 2β0, σ2 = −1/4(ǫ− 2β0 − 2α2)(ǫ + 2β0 − 2α2),
τ1 = 2β3, τ2 = −1/4(ǫ− 2β3 − 2α1)(ǫ + 2β3 − 2α1),
ν1 =
2β0(ǫ− α0)
ǫ1ǫ2
, ν2 =
2β3α0
ǫ1ǫ2
, ν3 =
2β0β3
ǫ1ǫ2
,
m1 = α0. (B.20)
5.
σ1 = 2β0, σ2 = −1/4(ǫ− 2β0 − 2α2)(ǫ+ 2β0 − 2α2),
τ1 = 2β3, τ2 = −1/4(ǫ− 2β3 − 2α1)(ǫ+ 2β3 − 2α1),
ν1 =
2α1β0
ǫ1ǫ2
, ν2 =
2β3(ǫ− α0)
ǫ1ǫ2
, ν3 =
2β0β3
ǫ1ǫ2
,
m1 = ǫ− α0. (B.21)
6.
σ1 = 2ǫ2 + 2ǫ1 − 2β0, σ2 = 1/4(ǫ− 2β0 + 2α2)(3ǫ1 + 3ǫ2 − 2β0 − 2α2),
τ1 = 2ǫ1 + 2ǫ2 − 2β3, τ2 = 1/4(ǫ− 2β3 + 2α1)(3ǫ1 + 3ǫ2 − 2β3 − 2α1),
ν1 =
2(ǫ− β0)(ǫ − α0)
ǫ1ǫ2
, ν2 =
2α0(ǫ− β3)
ǫ1ǫ2
, ν3 =
2(ǫ− β3)(ǫ − β0)
ǫ1ǫ2
,
m1 = α0. (B.22)
7.
σ1 = 2β0, σ2 = −1/4(ǫ− 2β0 − 2α2)(ǫ + 2β0 − 2α2),
τ1 = 2ǫ1 + 2ǫ2 − 2β3, τ2 = 1/4(ǫ− 2β3 + 2α1)(3ǫ1 + 3ǫ2 − 2β3 − 2α1),
ν1 =
2α0β0
ǫ1ǫ2
, ν2 =
2(ǫ− β3)(ǫ − α0)
ǫ1ǫ2
, ν3 =
2β0(ǫ − β3)
ǫ1ǫ2
,
m1 = ǫ− α0 (B.23)
8.
σ1 = 2ǫ2 + 2ǫ1 − 2β0, σ2 = 1/4(ǫ− 2β0 + 2α2)(3ǫ1 + 3ǫ2 − 2β0 − 2α2),
τ1 = 2ǫ1 + 2ǫ2 − 2β3, τ2 = 1/4(ǫ− 2β3 + 2α1)(3ǫ1 + 3ǫ2 − 2β3 − 2α1),
ν1 =
2α0(ǫ− β0)
ǫ1ǫ2
, ν2 =
2(ǫ− β3)(ǫ − α0)
ǫ1ǫ2
, ν3 =
2(ǫ− β3)(ǫ − β0)
ǫ1ǫ2
,
m1 = ǫ− α0. (B.24)
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B.3 The six-point conformal block and U(2)⊗ U(2)⊗ U(2)-quiver
1. Level [1,0,0]
Conformal block = Nekrasov’s partition function
a41a
0
2a
0
3 2 = 2 (B.25)
a21a
2
2a
0
3 −2 = −2 (B.26)
a21a
0
2a
0
3 ǫ
2/2− 2ǫ(α0 + α1 − β0) + 2α
2
1 − 2β
2
0 = 2m
2
1 − 4ν1ǫ1ǫ2 − 2ǫ1m1 − 2ǫ2m1+
+ (3ǫ2 − 4m1 + 3ǫ1)σ1 + 2σ2
a01a
2
2a
0
3 ǫ
2/2 + 2(α0 − β0)(ǫ − α0 − β0) = ǫσ1 − 2σ2
a01a
0
2a
0
3 1/2α1(ǫ − α1)
(
ǫ2 − 4ǫ(β0 − α0)− 4(α
2
0 + β
2
0)
)
= ν1ǫ1ǫ
3
2 + ν1ǫ
3
1ǫ2 + 2ν1ǫ
2
1ǫ
2
2+
+ (−ǫ32 − ǫ
3
1 −m
2
1ǫ2 − 3ǫ1ǫ
2
2 + 2ǫ
2
1m1 −m
2
1ǫ1+
+ 2ǫ22m1 − 3ǫ
2
1ǫ2 + 4ǫ1m1ǫ2)σ1+
+ (−2ǫ2m1 − 2ǫ1m1 + 2m
2
1)σ2 (B.27)
2. Level[0,1,0]
Conformal block = Nekrasov’s partition function
a01a
4
2a
0
3 2 = 2 (B.28)
a21a
2
2a
0
3 −2 = −2 (B.29)
a01a
2
2a
2
3 −2 = −2 (B.30)
a21a
0
2a
2
3 2 = 2 (B.31)
a21a
0
2a
0
3 2α2(ǫ− α2) = 2m2(ǫ−m2)
a01a
2
2a
0
3 2(α
2
1 + α
2
2)− 2ǫ(α1 + α2) = 2m
2
2 + 2m
2
1 − 2ǫ1m2 − 2ǫ2m2+
+ 6ǫ1m1 + 6ǫ2m1 − 8m1m2 − 4ν2ǫ1ǫ2
a01a
0
2a
2
3 2α1(ǫ− α1) = −2m
2
1 + 2ǫ1m1 + 2ǫ2m1
a01a
0
2a
0
3 2α1α2(ǫ − α1)(ǫ − α2) = 8m1ǫ1m2ǫ2 + 2m
2
1m
2
2 − 2m
2
1ǫ1m2 − 2m
2
1ǫ2m2−
− 6m1ǫ
2
1ǫ2 − 6m1ǫ1ǫ
2
2 + 4m1ǫ
2
1m2 + 4m1ǫ
2
2m2 − 2m1m
2
2ǫ1−
− 2m1m
2
2ǫ2 + ν2ǫ
3
1ǫ2 + 2ν2ǫ
2
1ǫ
2
2 + ν2ǫ1ǫ
3
2 − 2m1ǫ
3
1 − 2m1ǫ
3
2 (B.32)
3. Level [0,0,1]
Conformal block = Nekrasov’s partition function
a01a
0
2a
4
3 2 = 2 (B.33)
a01a
2
2a
2
3 −2 = −2 (B.34)
a01a
2
2a
0
3 ǫ
2/2 + 2(α3 − β4)(ǫ − α3 − β4) = τ1ǫ − 2τ2 (B.35)
a21a
0
2a
2
3 −ǫ
2/2− 2ǫ(α2 + α3 − β4) + 2(α
2
3 − β
2
4) = −4ν3ǫ1ǫ2 − 2ǫ1m2 − 2ǫ2m2 + 2m
2
2 − τ1ǫ2+
+ 4τ1m2 − τ1ǫ1 + 2τ2 (B.36)
4. Level [1,1,1]
Conformal block = Nekrasov’s partition function
a61a
4
2a
2
3 2 = 2 (B.37)
a61a
4
2a
0
3 8τ2 − 4ǫτ1 = +2ǫ
2 − 8(α3 − β4)(ǫ − α3 − β4) (B.38)
a61a
2
2a
2
3 4ǫ
2 + 2ǫ1ǫ2 + 16(α3 − β4)(ǫ − α3 − β4) = 8ǫ1ǫ2 + 16ν3ǫ1ǫ2 − 16τ1m2 + 8τ1ǫ− 16τ2 (B.39)
a41a
4
2a
4
3 32 = 32 (B.40)
etc.
19
References
[1] L. F. Alday, D. Gaiotto and Y. Tachikawa, “Liouville Correlation Functions from Four-dimensional Gauge The-
ories,” Lett. Math. Phys. 91, 167 (2010) arXiv:0906.3219.
[2] A.A.Belavin, A.M.Polyakov, A.B.Zamolodchikov, “Infinite conformal symmetry in two-dimensional quantum
field theory”, Nucl. Phys. B 241, (1984) 333-380.
[3] Al.Zamolodchikov, “Conformal Symmetry In Two Dimensions: An Explicit Recurrence Formula For The Con-
formal Partial Wave Amplitude”, Commun.Math.Phys. 96, (1984) 419-422.
[4] Al.Zamolodchikov, “Conformal symmetry in two-dimensional space: Recursion representation of conformal
block”, Teor.Math.Phys. 73, (1987) 1088.
[5] V.Dotsenko, V.Fateev, “Conformal Algebra and Multipoint Correlation Functions in Two-Dimensional Statistical
Models”, Nucl.Phys. B 240,(1984) 312.
[6] N.Nekrasov ”Seiberg-Witten Prepotential from Instanton Counting”, Adv. Theor. Math. Phys. Volume 7, Num-
ber 5, (2003) 831-864, arXiv:hep-th/0206161.
[7] R.Flume, R.Poghossian, “An Algorithm for the Microscopic Evaluation of the Coefficients of the Seiberg-Witten
Prepotential”, Int.J.Mod.Phys. A 18, (2003) 2541, arXiv:hep-th/0208176.
[8] H.Nakajima, K.Yoshioka, “Instanton counting on blowup. I. 4-dimensional pure gauge theory”,
arXiv:math/0306198v2 [math.AG].
[9] H.Nakajima, K.Yoshioka, “Lectures on Instanton Counting”, arXiv:math/0311058v1 [math.AG].
[10] S.Shadchin, “Status Report on the Instanton Counting”, SIGMA 2, (2006) 008, arXiv:hep-th/0601167.
[11] N.Seiberg and E.Witten, “Electric-magnetic duality, monopole condensation, and confinement in N = 2 super-
symmetric Yang-Mills theory”, Nucl. Phys. B 426, (1994) 19, arXiv:hep-th/9407087.
[12] N.Seiberg, E.Witten, “Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric QCD”, Nucl.
Phys. B 431, (1994) 484-550, arXiv:hep-th/9408099.
[13] A.Marshakov, A.Mironov and A.Morozov, “On Combinatorial Expansions of Conformal Blocks”
arXiv:0907.3946.
[14] R.Poghossian, “Recursion relations in CFT and N = 2 SYM theory”, arXiv:0909.3412.
[15] V.Alba, And.Morozov, “Non-conformal limit of AGT relation from the 1-point torus conformal block”, JETP
Letters 90, (2009) 708-712, arXiv:0911.0363.
[16] D.Nanopoulos and D.Xie “N = 2 SU Quiver with USP Ends or SU Ends with Antisymmetric Matter”, JHEP
0908, (2009) 108, arXiv:0907.1651.
[17] N.Wyllard, "A(N − 1) conformal Toda field theory correlation functions from conformal N = 2 SU(N) quiver
gauge theories", JHEP 0911, (2009) 002, arXiv:0907.2189
[18] N.Drukker, D.R Morrison, T.Okuda, " Loop operators and S-duality from curves on Riemann surfaces, JHEP
0909, (2009) 031, arXiv:0907.2593
[19] K.Maruyoshi, M.Taki, S.Terashima, F.Yagi, "New Seiberg Dualities from N = 2 Dualities", JHEP 0909, (2009)
086, arXiv:0907.2625.
[20] D.Gaiotto, "Asymptotically free N = 2 theories and irregular conformal blocks", arXiv:0908.0307.
[21] A. Mironov, A. Morozov, "The Power of Nekrasov Functions", Phys.Lett. B 680, (2009) 188-194
arXiv:0908.2190.
[22] S.M.Iguri, C.A.Nunez, "Coulomb integrals and conformal blocks in the AdS(3) - WZNW model", JHEP
0911,(2009) 090, arXiv:0908.3460.
[23] N.Nekrasov, S.Shatashvili, "Quantization of Integrable Systems and Four Dimensional Gauge Theories",
arXiv:0908.4052
[24] D.V.Nanopoulos, "On Crossing Symmmetry and Modular Invariance in Conformal Field Theory and S Duality
in Gauge Theory", Phys.Rev. D 80, (2009) 105015, arXiv:0908.4409.
20
[25] L.Alday, D.Gaiotto, S.Gukov, Y.Tachikawa, H.Verlinde, "Loop and surface operators in N = 2 gauge theory and
Liouville modular geometry", arXiv:0909.0945
[26] N.Drukker, J.Gomis, T.Okuda, J.Teschner, "Gauge Theory Loop Operators and Liouville Theory",
arXiv:0909.1105.
[27] A.Marshakov, A.Mironov, A.Morozov, "On non-conformal limit of the AGT relations", Phys.Lett. B 682, (2009)
125-129, arXiv:0909.2052.
[28] R.Dijkgraaf, C.Vafa, "Toda Theories, Matrix Models, Topological Strings, and N = 2 Gauge Systems",
arXiv:0909.2453.
[29] A.Marshakov, A.Mironov, A.Morozov, "Zamolodchikov asymptotic formula and instanton expansion in N = 2
SUSY Nf = 2Nc QCD", JHEP 0911,(2009) 048, arXiv:0909.3338.
[30] A. Mironov, A. Morozov, "Proving AGT relations in the large−c limit". Phys.Lett. B 682,(2009) 118-124,
arXiv:0909.3531.
[31] G.Bonelli, A.Tanzini, "Hitchin systems, N = 2 gauge theories and W-gravity". arXiv:0909.4031.
[32] L.Alday, F.Benini, Y.Tachikawa, "Liouville/Toda central charges from M5-branes", arXiv:0909.4776.
[33] A.Gadde, E.Pomoni, L.Rastelli, S.Razamat, "S-duality and 2d Topological QFT", arXiv:0910.2225 .
[34] Y.Zhou, "A Note on Wilson Loop in N = 2 Quiver/M theory Gravity Duality", arXiv:0910.4234.
[35] H.Awata, Y.Yamada, "Five-dimensional AGT Conjecture and the Deformed Virasoro Algebra",
arXiv:0910.4431.
[36] A. Mironov, A. Morozov, "Nekrasov Functions and Exact Bohr-Sommerfeld Integrals", arXiv:0910.5670.
[37] D.Gaiotto, "Surface Operators in N = 2 4d Gauge Theories", arXiv:0911.1316.
[38] J.Wu, Y.Zhou, "From Liouville to Chern-Simons, Alternative Realization of Wilson Loop Operators in AGT
Duality", arXiv:0911.1922.
[39] D.Nanopoulos, D.Xie, "Hitchin Equation, Singularity, and N = 2 Superconformal Field Theories",
arXiv:0911.1990.
[40] L.Hadasz, Z.Jaskolski, P.Suchanek, "Recursive representation of the torus 1-point conformal block",
arXiv:0911.2353 .
[41] A.Mironov, A.Morozov, "Nekrasov Functions from Exact BS Periods: the Case of SU(N)", arXiv:0911.2396.
[42] H.Itoyama, K.Maruyoshi, T.Oota, "Notes on the Quiver Matrix Model and 2d-4d Conformal Connection",
arXiv:0911.4244.
[43] S.Kanno, Y.Matsuo, S.Shiba, Y.Tachikawa, "N = 2 gauge theories and degenerate fields of Toda theory",
arXiv:0911.4787.
[44] T.Eguchi, K.Maruyoshi, "Penner Type Matrix Model and Seiberg-Witten Theory.", arXiv:0911.4797.
[45] R.Schiappa, N.Wyllard, "An Ar threesome: Matrix models, 2d CFTs and 4d N = 2 gauge theories",
arXiv:0911.5337.
[46] A.Mironov, A.Morozov, Sh.Shakirov, "Matrix Model Conjecture for Exact BS Periods and Nekrasov Functions",
arXiv:0911.5721.
[47] G.Giribet, “On triality in N=2 SCFT with Nf = 4,” arXiv:0912.1930.
[48] V.Fateev, A.Litvinov, "On AGT conjecture", arXiv:0912.0504.
[49] A.Mironov, A. Morozov, "On AGT relation in the case of U(3), Nucl.Phys. B 825,(2010) 1-37,
arXiv:0908.2569.
[50] E. Witten, “Geometric Langlands From Six Dimensions,” arXiv:0905.2720 [hep-th].
[51] J. Teschner, “Quantization of the Hitchin moduli spaces, Liouville theory, and the geometric Langlands corre-
spondence,” arXiv:1005.2846 [hep-th].
21
[52] G. W. Moore, N. Nekrasov and S. Shatashvili, “Integrating over Higgs branches,” Commun. Math. Phys. 209,
97 (2000) [arXiv:hep-th/9712241].
[53] G. W. Moore, N. Nekrasov and S. Shatashvili, “D-particle bound states and generalized instantons,” Commun.
Math. Phys. 209, 77 (2000) [arXiv:hep-th/9803265].
[54] A. Losev, N. Nekrasov and S. L. Shatashvili, “The freckled instantons,” arXiv:hep-th/9908204.
[55] A. Losev, N. Nekrasov and S. L. Shatashvili, “Freckled instantons in two and four dimensions,” Class. Quant.
Grav. 17, 1181 (2000) [arXiv:hep-th/9911099].
[56] D. Gaiotto, “N = 2 dualities,” arXiv:0904.2715 [hep-th].
[57] H.Sonoda, “Sewing Conformal Field Theories”, Nucl.Phys. B 311, (1988) 401.
[58] G.Moore, N.Seiberg, “Classical and Quantum Conformal Field Theory”, Commun.Math.Phys. 123, (1989) 177.
[59] A.Mironov, S.Mironov, A.Morozov and And.Morozov, “CFT exercises for the needs of AGT”, arXiv:0908.2064.
[60] B.L.Feigin, D.B.Fuks, “Invariant skew symmetric differential operators on the line and Verma modules over the
Virasoro algebra”. Funct.Anal.Appl.16, (1982) 114-126 (Funkt.Anal.Pril.16, (1982) 47-63).
[61] N.Seiberg, “Supersymmetry And Nonperturbative Beta Functions”, Phys. Lett. B 206 (1988) 75.
[62] A.Gorsky, I.Krichever, A.Marshakov, A.Mironov and A.Morozov, “Integrability and Seiberg-Witten exact solu-
tion,” Phys. Lett. B 355, (1995) 466, arXiv:hep-th/9505035.
[63] H.Itoyama and A.Morozov, “Integrability and Seiberg-Witten theory; curves and periods”, Nucl.Phys., B 477,
(1996) 855-877, tt arXiv:hep-th/9511126.
[64] H.Itoyama and A.Morozov, “Prepotential and the Seiberg- Witten theory”, Nucl.Phys., B 491, (1997) 529-573,
arXiv:hep-th/9512161.
[65] A.Gorsky, A.Marshakov, A.Mironov and A.Morozov, “N = 2 Supersymmetric QCD and Integrable Spin Chains:
Rational Case Nf < 2Nc”, Phys.Lett., B380 (1996) 75-80, arXiv:hep-th/9603140.
[66] .Gorsky, A.Marshakov, A.Mironov and A.Morozov, “RG flows from Whitham hierarchy”, Nucl.Phys., B527,
(1998) 690-716, hep-th/9802004.
[67] A.Gorsky and A.Mironov, “Integrable Many-Body Systems and Gauge Theories”, arXiv:hep-th/0011197.
[68] R.Donagi and E.Witten, “Supersymmetric Yang-Mills Theory And Integrable Systems”, Nucl. Phys. B 460,
(1996) 299, arXiv:hep-th/9510101
[69] A.Marshakov, “Seiberg-Witten Theory and Integrable Systems”, World Scientific, Singapore, 1999.
[70] A.Losev, N.Nekrasov and S.Shatashvili, "Issues in Topological Gauge Theory", Nucl.Phys.B534, (1998) 549-611,
arXiv:hep-th/9711108.
[71] G.Moore, N.Nekrasov, S.Shatashvili, “Integrating Over Higgs Branches”, Commun.Math.Phys. 209, (2000) 97-
121, arXiv:hep-th/9712241.
[72] A.Losev, N.Nekrasov and S.Shatashvili, "Testing Seiberg-Witten Solution", arXiv:hep-th/9801061.
[73] G. Moore, N. Nekrasov, S. Shatashvili, “D-particle bound states and generalized instantons”, Com-
mun.Math.Phys. 209,(2000) 77-95, arXiv:hep-th/9803265.
[74] F.Fucito, J.Morales, R.Poghossian, “Instantons on quivers and orientifolds”, JHEP 10, (2004) 037,
arXiv:hep-th/0408090.
[75] A.Polyakov, “Conformal Symmetry of Critical Fluctuations”, JETP Lett. 12, (1970) 381-383 (Pisma
Zh.Eksp.Teor.Fiz. 12, (1970) 538-541).
[76] A.Polyakov “Nonhamiltonian Approach To Conformal Quantum Field Theory”, Zh.Eksp.Teor.Fiz. 66, (1974)
23-42.
[77] A.B.Zamolodchikov, Al.B.Zamolodchikov, “Conformal Field Theory and Critical Phenomena in Two-
Dimensional Systems”, MCCME Moscow 2009 (in Russian).
22
